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114. 


ANALYTICAL RESEARCHES CONNECTED WITH STEINER’S 
EXTENSION OF MALFATTIS PROBLEM. 


[From the Philosophical Transactions of the Royal Society of London, vol. exit. for the 
year 1852, pp. 253—278: Received April 12,—Read May 27, 1852.] 


THE problem, in a triangle to describe three circles each of them touching the two 
others and also two sides of the triangle, has been termed after the Italian geometer 
by whom it was proposed and solved, Malfatti's problem. The problem which I 
refer to as Steiners extension of Malfatti’s problem is as follows:—“To determine 
three sections of a surface of the second order, each of them touching the. two others, 
and also two of three given sections of the surface of the second order,’ a problem 
proposed in Steiners memoir, “Einige geometrische Betrachtungen,” Crelle, t. 1. [1826 
pp. 161—184]. The geometrical construction of the problem in question is readily 
deduced: from that given in the memoir just mentioned for a somewhat less general 
problem, viz. that in which the surface of the second order is replaced by a sphere ; 
1t is for the sake of the analytical developments to which the problem gives rise, that 
I propose to resume here the discussion of the problem. The following is an analysis of 
the present memoir :— 


§ 1. Contains a lemma which appears to me to constitute the foundation of the 
analytical theory of the sections of a surface of the second order. 


§ 2. Contains a statement of the geometrical construction of Steiner’s extension 
of Malfatti’s problem. 


§ 8. Is a verification, founded on a particular choice of coordinates, of the con- 
struction in question. 


§ 4. In this section, referring the surface of the second order to absolutely general 
Coordinates, and after an incidental solution of the problem to determine a section 
touching three given sections, I obtain the equations for the solution of Steiner's 
extension of Malfatti’s problem. 

Cc. II, 8 
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§ 5. Contains a separate discussion of a system of equations, including as a 
particular case the equations obtained in the preceding section. 


§§ 6 and 7. Contain the application of the formule for the general system to the 
equations in § 4, and the development and completion of the solution. 


§ 8. Is an extension of some preceding formule to quadratic functions of any 
number of variables. 


§ 1. Lemma relating to the sections of a surface of the second order. 


If 
aa? + by? + cz? + dw? + 2fyz + 2gzx + Bhay + 2law + 2myw + 2nzw = 0 


be the equation of a surface of the second order, and 
Aa? + By? + C2 + Dw? + 2ffyz + zae + Way + WHaw + 2Myw + 22w = 0 
the reciprocal equation, the condition that the two sections 
No+mytvet+pw=), 


Nat wy +v2+pw=0, 
may touch, is 


(Ar? + By? + Cr? + Dp? + WH uv + 2Whvr+ 2Hrp + Lp + 2BMup + 2 Rvp} 
x (AN? + By? + Ov? + Dp? +u +N + 2H! + AN p + An o + 2Pv'p’)! 
= (AAN + Buy’ + Cuv + Bop + HF (uv + wv) + Gr (vr + vr) + Ow + Vy) 
+ Hh (Ap’ + X’p) + A (up’ +wp) + R (vp' + v’p)); 
and in particular if the equation of the surface be 
a + by? + c2? + 2fyz + 2gzu + Zhay + pw? = 0, 


the condition of contact is 


4 

(Ane +a +O + 24F uv +2Ginr +t = o) 
I i / ee 4 / Poe! K uy 4 
x (An + Bu? + Ov? +2 pv’ +2 + 298 Nu +p 


= (aw +Buu' + Crv + P(w + w'v) + EON + Vr) + Ap ++Nu)+ = pp’) , 


in which last formula 
A=be-f? , B=ca-g’, OC =ab-l, 


H=gh-af, G=hf-by, B=fg-ch, 
K = abe — af? — bg? — ch? + 2fgh. 
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§ 2. 


In order to state in the most simple form the geometrical construction for the 
solution of Steiner's extension of Malfatti’s problem, let the given sections be called 
for conciseness the determinators!; any two of these sections lie in two different cones, 
the vertices of which determine with the line of intersection of the planes of the 
determinators, two planes which may be termed bisectors; the six bisectors pass three 
and three through four straight lines; and it will be convenient to use the term 
bisectors to denote, not the entire system, but any three bisectors passing through the 
same line. Consider three sections, which may be termed tactors, each of them touching 
a determinator and two bisectors, and three other sections (which may be termed 
separators) each of them passing through the point of contact of a determinator and 
tactor and touching the other two tactors; the separators will intersect in a line which 
passes through the point of intersection of the determinators. The three required 
sections, or as I shall term them the resultors, are determined by the conditions that 
each resultor touches two determinators and two separators, the possibility of the 
construction being implied as a theorem. The à posteriori verification may be obtained 
as follows :— 


gg 


Let «=0, y=0, z=0 be the equations of the resultors, w=0 the equation of the 
polar of the point of intersection of the resultors. Since the resultors touch two and 
two, the equation of the surface is easily seen to be of the form 


2yz + 2zæ + 2ay + w? = 0. (°) 


The determinators are sections each of them touching two resultors, but otherwise 
arbitrary; their equations are 


an eae a oO 
2a 2a 

1 

V 1 


The separators are sections each of them touching two resultors at their point of 
Contact (or what is the same thing, passing through the line of intersection of two 


resultors), and all of them having a line in common. Their equations may be taken 
to be 


cy—bz=0, az—cx=0, ba-ay=0, 


“I use the words “determinators,” &c. to denote indifferently the sections or the planes of the sections; 
the Context is always sufficient to prevent ambiguity. 
` The reciprocal form is, it should be noted, 


x2 + y? +2? — Qyz - ex — 2xy — 2w?=0. 
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the values of a, b, c remaining to be determined. Now before fixing the values of 
these quantities, we may find three sections each of them touching a determinator at 
a point of intersection with the section which corresponds to it of the sections 
cy —bz=0, az—cx=0, bx—ay=0, and touching the other two of the last-mentioned 
sections; and when a, b, c have their proper values the sections so found are the 
tactors. For, let Aws + uy +vz + pw=0 be the equation of a section touching the deter- 
minator ~ a + = y + J s+w=0, and the two sections bs -— ay = 0, az—ca=0; and 


suppose 
A? =)? 4+ pw? + v? pv — Qvr — 2p — 2p?; 


the conditions of contact with the sections br — ay = 0, az — cæ =0 are found to be 
(6+a)A=(b+a)r\—-(b6+ 4) p—(b—-a)», 
(c+a)A=(c+a)rX—(c—a)pu—(c+a)», 


` values, however, which suppose a correspondence in the signs of the radicals. Thence 
(6+a)u=(c+a)v; or since the ratios only of the quantities A, p, v, p are material, 
w=c+a, v=b+a, and therefore 


A? = -—2(2a+b+6)rX+(b —c? — 2p, = (A— b- cE, 
or p? =— 2 (ar + be). 


Hence the equation to a séction touching bæ — ay = 0, az—cr=0 is 


Aa +(c+a)y+(b+a)z+V —2(adr+ bc)\w=0; 


and to express that this touches the determinator in question, we have 
+a(r—b—-c)=(a4+ =) X= a(2a-+b+0)+2V=2(@R +50) 5 


and selecting the upper sign, 


1 


= ¥— 2aa=—2V — 2 (ad + be) ; 


whence 
A = — 2a (aa — y= 3b), V—2 (ar + bc) = (2aa — V — 2bc) ; 


or the section touching the determinator and the sections be — ay = 0, az — cæ = 0 is 
— 2a (aa — V — 2bc )æ + (c +a) y+ (b+a)z+(2aa -V -2bc)w=0; 


and at the point of contact with the determinator 


eee y+ choles, 
Da I T Fa i 


2yz + 2zæ + æy + w? = 0. 
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Eliminating w between the first and second equations and between the second and 
third equations, 


1 
V — 2be (w+ 5 i z) +oy+bz=0, 


1 2 
(aw + 5. yy: 2) + 2ye =0: 


and from these equations (cy—bz)?=0, or the point of contact lies in the section 
cy—bz=0. It follows that the equations of the tactors are 


— 2a (aa — V — 2bc) æ + (c +a) y + (b +a) z+ (2aa — V = 2bc) w =0, 

(c +b) æ — 2B (bB —V — 2ca) y + (a + b) z + (2b8 — V — 2ca) w = 0, 

(b+c)a+(a+c) y — 2y (cy — V— 2ab) z + (20y — V — 2ab) w = 0, 
where a, b, c still remain to be determined. 


Now the separators pass through the point of intersection of the determinators ; 
the equations of these give for the point in question, 


æ: y:z: w=(2By+1)(— a+ +y + 2aßy) 
: (2ya +1)( a- +y + 2aßy) 
: (2aß +1)( a+- y+ 2aßy) 
cei S i akli SEa 0? + 8? + 4° 
and the values of a, b, c are therefore 
a:b: c=(2By+ 1) (a+ 8 + y+ 2aßy) 
: (2ya+ 1) ( a— B +y + 2aBy) 
: (a8 +1) ( a+ß-— y+ 2aßy), 


which are to be substituted for a, b, c in the equations of the separators and tactors 
respectively. 


Now proceeding to find the bisectors, let Av+py+vz+pw=0 be the equation 
of a section touching the determinators, 


1 1 1 eg 


and suppose, as before, A?=)?+y?+v?—2uv—2vA—2Apw—2p?; the conditions of con- 
tact are 


+ BA=—r— (8-45) n+ Bv—2, 


1 
FA =at- (y+) v — 2p, 
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where it is necessary, for the present purpose, to give opposite signs to the radicals. 
For if the radicals had the same sign, it would follow that 


1 1 1 1 

al wf E alt Nh ele AON iS ( ih ee | =0; 

z |O (B+5)u +8 e| sly + yp v+)” p 
hence the section As + py +vz+pw=0 would pass through the point 


. . . ra wo Les 2 2 
D 8: A dairy eh: T We 


or the section would be a tangent section of the two determinators of the same 
class with the resultor =0, which ought not to be the case. The proper formula is 


4 


E a a EAE 


B 


.and this equation being satisfied, the section 


a+ py +ve+pw=0 


passes through a point 
Bry: 6: w=2: ETATE p: 


The bisector passes through this point and the line of intersection of the determi- 
nators ; its equation is 


5 (sge-8 +ygetw)—= (Eata — z+w)=0; 
Bae ee DR AT A BVEA aie o Wie 1 
or reducing and completing the system, the equations of the bisectors are 
1 1 1 1 Pial 
(se:-ay)°- (1+ ap) 9+ (+g) B 
1 1 DANA 1 Ls dd 
Gra) t (ga-ga) 9 ta) *#(,-2)¥= 2 
pr RA 1 ee ae 
(1 +55) wet ya) reia- pa) PA jaian 


In order to verify the geometrical construction, it only remains to show that 
each bisector touches two tactors. Consider the bisector and tactor 


ve ee 1 $ 1 eee 

(1+ 5m) ¢+(1+53)9+ (ga-a—)*+(2- ae 
—2a(aa—WV — 2bc) æ+ (c +a) y + (b +a) 2+ (2aa—V— 2b) w=0; 

and represent these for a moment by 


AL+ uy +vz2+pw=0, Ne +py+vz+pw=0; 
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if A be the same as before, and A’ the like function of M, w, v’, p’, also if 


B= AN’ + pp! + vv! —(uv’ + pv) — (N + vN) — (Ap! +N’) — 2pp', 


a a 1 3 
at a2 tde 
A” = (2aa — 2a V — 2be + b + c}, 


p = aa (2+5) ~ 2a V= = Be (2 + wa) te(2+ 3); 


and the condition of contact AA’=@® (taking the proper sign for the radicals) be- 
comes 


(2+5) (2aœ — 2a V= Be +b +0)—aat (24 D) -21V -3e (2+ 5) +e (2+5); 


or reducing, 


then 


so 


aa— bB +05 ab +1 


= 0, 
an equation which is evidently not altered by the interchange of a, a and b, 8. The 


conditions, in order that each bisector may touch two tactors, reduce themselves to 
the three equations, 


8 
aa— 08+ ¢ sry = 0, 
B-y 
Fey ete ey =O: 
—aa+b = ye tor= 0, 


which are satisfied by the values above found for the quantities a, b, c. The possi- 
bility and truth of the geometrical construction are thus demonstrated. 


g 4. 


Let it be in the first instance proposed to find the equation of a section touching 
all or any of the sections e=0, y=0, z=0 of the surface of the second order, 


aa? + by? + c2? + 2fyz + 2gza + Zhay + pw? = 


Any section whatever of this surface may be written in the form 


(ad + hu + gv) at (hr + but fr) y+ (gratfuteor)z+V¥—pVw=0, 
where 
V? = ar? + du? + cv? + 2fuv + 2qvr + 2ZhrAw — K, 
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and à, u, v are indeterminate. And considering any other section represented by a 
like equation, 


(aN + hy! +g) 2+ (WN + bu! +f’) y +h + ful tor’) 2 +N =p Vw=0, 


where 
Vv” a an? + by? + cp”? 4. fwv yè 2gv’r’ + 2AN u T K, 


it may be shown by means of the lemma previously given, that the condition of 
contact is 


arn’ + bup + cry’ +f (uv + wv) + 9g Wr +0'rA) +h Ow +Np) tK =V’. 
Suppose that M, w, v’ satisfy the equations 
vag 
hN + by’ + fv’ = 0, 
gn +f’ + cv’ =0, 
so that the last-mentioned section becomes #=0; and observing that the first of 


the above equations may be transformed into 


an’ + hy’-+ go’ = 5, 
i ” Oi eae h 
it is easy to obtain N =VQ, w= Va” =Vq’ The condition of contact thus becomes 


Ee. 
vqrt be) 


and taking the under sign, X= VQ, so that if in the above written equation we 


establish all or any of the equations X=VA, w= 393, v=VO, we have the equation 
of a section touching all or the corresponding sections of the sections 


e=0, y=0, z=0. 


In particular we have for a solution of the problem of tactions, the following 
equation of the section touching «=0, y=0, z=0, viz. 


(aVA+hVB+gVO) a+ (hvVA+dbVB+f6VO) y+ (gVA+fvVB+cVE)z 


parc ieee O ania ce 
+ "oe 2 (WBE -PVAS — G) VAB- H) = 0. 


Anticipating the use of a notation the value of which will subsequently appear, 
or putting 


f= JAN VBC- Ff, g=/B/VAC—G, h=/€V VAB -H, J=v2 VABE, 
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values which give 
Af?g*h? 


KO = — ft- gt— ht + 2gth? + 2b. + 2fgs——F— , 


the equation of the section in question is 


f? 2 h2 
Jaq (cP tat +th)et yg (Pett by ta (P+ g?—h*)2+ 


pulp eS 


I proceed to investigate a transformation of the equation for the section with an 
indeterminate parameter A, which touches the two sections y=0, z=0. We have 


aV? = (ar + hu t+ gv} + (Cy? + Br — 2 ur) - BWC + HP; 
or putting for u and v their values 48, VŒ in the second term, 
aV? =(ar+hy + gv)? + (VBE — ff); 
and introducing instead of à an indeterminate quantity X, such that 
aù + hpu + gv = (VBE — F) X, 


we have LA ee 
aV? = (VBE — fF) V1 +F; 
also introducing throughout X instead of à, and completing the substitution of V38, VE, 
for m, v, the equation of the section touching y= 0, z= 0, becomes 
(ax+hy + 92z)X+yV€O4+2VB+wV—apv1+ X*=0. 


It may be remarked here in passing, that this is a very convenient form for the 
demonstration of the theorem; “If two sections of a surface of the second order touch 
each other, and are also tangent sections (of the same class) to two fixed sections, 
then considering the planes through the axis of the fixed sections and the poles of 
the tangent sections, and also the tangent planes through this axis, the anharmonic 
ratio of the four planes is independent of the position of the moveable tangent sections;” 
where by the axis of the fixed sections is to be understood the line joining their poles. 


The sections touching z=0, æ= 0, and «=0, y=0, are of course 
anv @ + (ha + by +fe)Y+2VA+wv—bpv1+ Y?=0, 
aN + y VA + (ge +fy +c) Z+wV —cpv1 +4 =0, 


where 
hr’ + by! +fv =(VEA-G)Y, Vv =v, w=, v=VE, 
gn’ +f" + cp” eo (VAB i 39) A Sit an VQ, u" = VJB, y” k RA 
The conditions of contact of the sections represented by the above written equations 


would be perhaps most simply obtained directly from the lemma, but it is proper to 
deduce it from the formula for contact used in the present memoir. If for shortness 


D(+)=an'n” +bu' p" + ev'v" + Swe’ + pv’) +g (Vn AN) thu +r) + &K, 
i, 9 
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where the symbol ®(+) is used in order to mark the essentially different character 
of the results corresponding to the different values of the ambiguous sign, then 


boc (—)= FON + bu! + fo’) (gr! + fu” + ov"), 
+ (Av — Gr’ )(gr’ + fu" + cv”), 
+ (Au — JAX”) (N+ by’ + fv"), 
+ vw" (— Af) + nF B+ Nw SE +N” (K - FF) 
-AK — pK. 
= f (hn + bp’ +fv’) (gr + fu" + cv”) 
+VQ VAC — Gi) gr” + fu” + ov”) 
+ VA MAB — W) (AN + by’ + fr’) 
+f- AVDE + VOA+ GVAB- AF -(GW-AF)) 
= f (aN + bp’ + fo’) (gr! + fe" + ov") 
+ VA (VAG — Gi) (gr + fu" + cv”) 
+VQ MAB — W) (AN + bp’ + fr’) 
-f WAE — 6) VAB — M), 
that is, be (-)= (VAC — Gr) VAB - B) (fYZ+ VA (Y +2) - f}. 
What, however, is really required?, is the value of ẸỌ (+); to find this, we have 
be (+) = be® (—) + 2beK 
= (VAE — G) NAB - W) [fVYZ+ VA(V + Z)+f} 
+ 2bcK — 2f WAC — Gi) VAB — W), | 


the second line of which is 


2(VAE — Gi) VAB - B®) ee 


Riko VAC + G) AB +) -7 


2 (VRE — Oi) (VARS — 98) ar. om re 
4 EESE (VAC + Gi) (VA + IW) - GIH + AF} 


=2 (VAC — G) (VAB - W) VAP, 


1 It may be shown without difficulty that the (-) sign would imply that the sections touching z=0, z=0, 
and «=0, y=0, were sections touching «=0 at the same point. By taking the (-) sign in each equation we 
should have the solution of the problem “to determine three sections of a surface of the second order, the tw 
sections of each pair touching one of three given sections at the same point,” which is not without interest ; 
the solution may be completed without any difficulty. 


www.rcin.org.pl 


114] STEINERS EXTENSION OF MALFATTI'S PROBLEM. 67 


where 


0 = 7 (VABE + FVA + G VB +1 VE); 
and consequently 
be® (+) = (VAE — G) MAB - W) {FYZ +A (Y +2) +f + 20Vq}, 


a reduction, which on account of its peculiarity, I have thought right to work out in 
full. 


The condition of contact is 


®(+)=V'V" = a VAC — Gi) WAB - I) VIF VeVi gH 
C 


Hence finally, the condition in order that. the sections 
aN +(ha+by+fz) Y +z VA +w -bp~l1+Y=0, 
aN +y NVA + (ga+fy+cz)Z+wV —cpv1+2=0, 


(the former of which is a section touching z=0, æ= 0, and the latter a section touching 
«=0, y=0) may touch, is 


SYZ+VA(V+Z)4+( f+ 20VA)—Vbe V1 +Y V1 +Z=0. 


The preceding researches show that the solution of Steiner’s extension of Malfatti’s 
problem depends on a system of equations, such as the system mentioned at the 
commencement of the following section. 


Consider the system of equations 
a +B (Y+Z)+y ¥Z+8 V14+ Y2V14+2 =0, 
a +B’ (Z+X)+y ZX +8 VIF Z2V1 4 X= 0, 
al” + BY (X+ V)+qy"XV4 8" V1 4+ X°V1 4 V2=0; 


these equations may, it will be seen, be solved by quadratics only, when the coefficients 
satisfy the relations 


B Piven | cig) Samet 


iS y” a) a’ ? 


sa yma 


T 
Atene Betri Bn tAn 
o —Q? ere ay” at En y”? Z . 
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It may be remarked that these equations are satisfied by 
B=0, BP =0, B’=0, y=8, y=0, y=", 
or if we write 


a’ 
*--1, Sam S=-n, 
Y 


the equations become by a simple reduction, 

Y?+272?4+21 YZ=P —1, 

Z?+ X+ 2mZX =m? —1, 

A? + Y?+2n XY=n? —1, 
which are equivalent to the equations discussed in my paper “On a system of Equations 
connected with Malfatti’s Problem and on another Algebraical System,’ Cambridge and 
Dublin Mathematical Journal, t. 1v. [1849] pp. 270—-275, [79]; the solution might have 
been effected by the direct method, which I shall here adopt, of eliminating any one 


of the variables between: the two equations into which it enters, and combining the 
result with the third equation. 


Writing the second and third equations under the form 
A'+BX+0' V14 X*=0, 
A" 4+ BX +0"V14+X7=0, 
the result of the elimination may be presented in the form 
AA” + BBY — 00" =N APF BON APS BPO, 
which is most easily obtained by writing X=tanġ and operating with the symbol 
cos; but if the rationalized equations be represented by 
N + QW’ X + v’'X*=0 and A” + 2u” X +v” X? =0, 
the form 
4 (Nv — po?) N’ v” — W) = (Nv +N v — 2p pY 
leads easily to the result in question. The values which enter are 
A'=@ FRA . A’ =a’ +’Y, 
EaR +7, BY=P" FT T, 
C =8vV1+2, 0” =8' V1 4 P; 
whence, in the first place, by the equation connecting Y, Z, 
55” 


CO arri 


{a+ B(Y+Z)+8YZ}. 
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It is obviously convenient that A'A” + B'B” should be symmetrical with respect to 
Y and Z, and this will be the case if 


a’ B” +p f! = af BY + p” 2 
that is, if B’ (y — a") = B” (y — a); 


or assuming that the equations are symmetrically related to the system, we have the 
first set of relations between the coefficients, relations which are satisfied by 


a=y+2p, «=y +208, a’ =y" + 268", 


and the values of a, a’, a” will be considered henceforth as given by these conditions. 
We have 


AA +. BR = CC” =a" + BB’ + (Y B” +B’ + 2688") (Y + Z) + (EB +4'y") YZ 


K: {a+ 8 (Y + Z) + yYZ2)}. 


The quantities A? + B?— 0”, A”? + B”— 0” are quadratic functions of Z and Y respectively, 
and with proper relations between the coefficients, we may assume 
(A? + B”2 =a 0") (A”? + B” — 0") = [292 {U? +k[(at+ B(Y+ Z) +yYZP = &(1 + FAA + Z°)}}, 
in which U is a linear function of Y+Z and YZ, and k and ls are constants. The 
first side must, in the first place, be symmetrical with respect to Y and Z, or 
a’? i B” ha) 82, (a shy y) B, B” +y”? Len 
must be proportional to 
al’ a B”? a 5/2, ( a” 4 y”) &”. g” + y”? ENGT 
But since 
(a’ + y’) B’, (a” + y”) B 
are proportional to 
y”? ; 2 a’? y”? i} al’, 
it is only necessary that 
p” Ae y”? ee 52, Bp”? dy y” a 5 
should be proportional to 
y’ Ra a’, y” la a”? ; 
or 


Since the equations are supposed symmetrically related to the system, we must have 
the second set of relations between the coefficients. Suppose 


Etr- Beyt- B+” s 


= ——— I am 


y? — Q y” E ya = 3 $ , 
then since 


f- a=- 4 (y+ $8) $8, &e, 
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we have =f +y —48(y +98 )8 
è? =f +y? — tey + $8) 8 
Bt = Bl + y" 4s ("+ $8") 8", 
and 6, &, 8’ will be supposed henceforth to satisfy these equations. 


We have next 


A”? +B —C® =4(y +68’) (8+ 64+2 +82) 
A’? 54 Cs = 4 (y” + 8”) B” (s+ $ F- Y +sY», 


which may be simplified by writing 


where p, v are to be considered as given functions of s and ¢. These values give 


A? +BY — 0 =4 (y +46’) B's (Z +u) (Z +»), 
A”? 4p a O!’2 = 4 y” sh $8”) Bl's (Y+ u) (Y+ v). 
Hence, putting for simplicity 
P=4(Y +B) "+ 68") BB" 
we have 
A (Z+) (Z+) (Y+ u) (Vt) =O +k[a+8 (Y+ Z) +yYZ}-S (14+ Y’) (142); 


and the two sides have next to be expressed in terms of Y+Z and YZ. 


If for symmetry we write 
E=1, (f= V+2Z,\ C= YZ, 
then 
A (WE + pn + £) (WE + vn + E) + kè [(E— 6)? + n°] = U + k (aE + Bn + yey; 


and U is now to be considered a linear function of é, n, ¢. 


The condition that the first side of the equation may divide into factors, gives an 
equation for determining k; since the condition is satisfied for k=0 and k=, the 


equation will be linear, and it is easily seen that the value is tes (u—v). In fact 


Ò? 
4 (WE + un + 0) OE + on + CP +u vfi- EF + 07] 


= (QuvE + (wt v) 9 +26) + (u — vY (E+ 6); 
hence 


{2uvE + (m+ v)n + 26}? — U= ws (aE + Bn +ySP— & (E +Y}, 
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and we may assume 


2uvE + (ut+v)n+ 264+ U= A (a£ + Bn +y) — 8 (E+ E), 


QuvE+(utv)n+26—-U= 


ss usta 


subject to its being shown that 


uv +2 (uty) n+ 4p = 25” (A + 5) (QE + On +76) -8 (AZ) E+} 


gives a constant value for A. The comparison of coefficients gives 


tv =H NA +z)e- (a-<) ak, 


the first and third of these give 


— 1 
4(1— pw) ="5" (A+ 5) O-o 
which will be identical with the second, if 


2(1—uv)_ B 


=— 2¢, 
wrr y-—a j 


which follows at once from the equation 


_l+po 
e-o’ 


Forming next the two equations 
taa e 
A + v) 6, 
1 


2 
Ane re Premed 


these will be equivalent to a single equation if 


(n+) BH utoy- 28} + (9 
that is, if 


(w+ v)? è= (w+ v)? (62+ 97) — 4 (wt v) By — 4 (uy — 1) 8; 
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or finally, if 


wee . 
= B+ of — 498 (y +E" B) =e + 4s (y + 48) 8, 
which is in fact the case. 


Writing the equations for 


in the form 


9 
EREN AS A AN 2 y — 28s), 


Aske Seppe ay es e VRE TES Bs 


and substituting in 
U= (A-5) ae +An+ah)— (A +5) PEL}. 


we have 


U = ag (Y — 28s) (aE + Bn +6) -E+ H) 


= -5g (— B + Boy +267) E + (y — 268) 0+ (— B + 28y + 486) 8); 
and consequently, multiplying by 
ae 2V (y+ $p’) (y” + $8”) BB’) 
we have 
VAF BIW OVA? BPA OF 
= Š (y+ $B) ("+ $8") BP” B + 28y +2py) E+ (y — 288) n +(— B+ 2sy + 48GB) ¥), 


or collecting the different terms which enter into the equation 
A'A" + BBY — 010" =NI F Ba ON AES BIO 


the result is 
(ta + BB") E + (y'B" +B + ABB) n+ (BB + yy) b+ > (ak + Bn + 6) 
a s N(Y + 268')(y” + 268”) BB” {(— B + 28y + Why) E+(y - 288)  +(— B + By + 48h8)E} =0, 


which, combined with the first equation written under the form 


aE + Bn + yb) — 8 [(E— 6)? + n°] = 0, 
determines the ratios of £, n, & that is, the values of Y +Z and YZ. 
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§ 6. 


The system of equations 
(f+20VA) +V@(V+Z)+fYZ —vbe V1 + Y? V1 + 72 =0, 
(g +20 v) +I (Z +X) +9ZX —Vea vI +Z V1 + X7=0, 
(h+20VO)+VO(X+V)+hXY—Vabv1+ X2V1+ Y2=0, 


where 
| Sepa patti as; ee om 
0= p NABE + FVA+ G V9 +H VO), 
on which depends the solution of Steiner’s extension of Malfatti’s problem, is at once 
seen to belong to the class of equations treated of in the preceding section, and 
we have ġ=0, s=0. The equations at the conclusion of the preceding section 


become 


WBC + gh+20 (g VE +h VIB) + 40 VBC} E+ {g VO + h VIB + 20 VBC} n+ (VBE + gh} £ 
~a[(f+20VA)E+VAn +A- 7+ 0N8) (h+ OVE) VBE {((VA-20f)E—fn +VAS}=0, 


(f+ 20VA) &+ VAn + fo}? — be (E-E + n°} =0, 


which may also be written 
(VIBE + P) (E+ 6) +(—aVA+ 9 VE + h VIB + 20 VBE) (n + 208) 
- F_NG+ONB) (+ OVE) VIBE) (WA - 20/) £ -fa + VEY) =0, 
{f(E+ £) + VA (n + 208)} — be {(E — £) + 4} = 0. 
Hence observing that 
g+ OVB = +, (WBE F) WB + 1); b+ OVE =F (WIC + H) (VAC +E); 
—~aVA@+hvB+9 VE + 20 VBE = 6 (VBE + FH), 
and putting for a moment 


r= p VRE + G) VAD +B) VBE, 


and therefore 


J(g + 0 VIB) (h+ 0 VE) VBE =(VBE + F) A, 
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the first equation divides by (V38@ + ff), and the result is 


(E+ £) + O(n + 266) — F MA (E+E) —f (n + 268)} =0. 


Also, by an easy transformation, the second equation becomes 
— [VA (E+ 2) -S (n+ 208)}? + 4bof (E+ €) +0 (n + 268) — (1 + ) £) = 0, 


or puttin 
í E+E +0(y +208) =0, 


Biei 
Jog VA E+ 8) -S (a+ 208) = ®, 
3 =¥, 


the equations become 
© — 2.9 = 0, 


— & 4 4 (@—(1+6) ¥} =0; 


OLAT a 1+ 
(2 — Fa) = aca (1- 


hence eliminating ®, 


or observing that 
$ D eee dea 
1+ e= (VBC + F) VCA + Gi) AB +W), 
and reducing, we obtain 


? 


aie K® ( J (VBE — P) “am 
(VBC + $F) (VOA + G) AB +W) V 2g 


also ® = 2’® gives 
KO 


b= — c. 
2/ VAC + Gr) (VAB + W) VBE 
Suppose 
VBC+ F= VBE -— F= d, ys. aa m= Bid, 
VCA + =L, VEA-G=8, 6B =Kb, 


VA8b+I@= 7, VAB-W=y7, yy,=Kc; 
then substituting 


® — V2 Va + a Vbe ® = 0, 
VB, 
4be Va 
® — ing: wig - 
By, He) (1 Va + z) Tep 


www.rcin.org.pl 


114] STEINER'S EXTENSION OF MALFATTI’S PROBLEM. 75 


that is, 
v2 Vata; 
VB y 


aus 


E+ E+ 0 (n + 268) — 


VA (E+ 0)—f (n+ 268)} = 0, 


4be (a + a,) Va, 


E+E+0 (n + 20€) — By (1-7) =o; 


these may be written 
LE+Mn+NE=0, 
L'E + My + N’E=0, 


where 
Nalar, p= l V2 NVa +a, V2 NVa +a, = 
i ~By, Sp "MBa, f ~By, 3 
i _Wola+a)/__ Na, = Roe 
i= 1426 (1 Jeg) uw =0 IE 2m: 
or since & ņ, § are equal to 1, Y +Z, YZ respectively, 
1:Y4+Z:YZ=MN —-MN:NL'-NL: IM -IL'M 
V2 (a+a) x 
epee ners aan 
Vän (f ) 
Abe (a +a) _N2Va+a, = Va V2 Va+ a, a 
iG Big (1 a va) (1 - ya 3)+ ae (f + OVA) 20 
___ 4be (a+ %,) V2 Vata, Se Na, V2 Va +a, VA 
“atp (3+ VB, AE yera)? Jaa Fen wi 
Also 
va -8Y _ Kbe 
S+Ova K By,’ 
whence 


payi a2 etana Rae ya) (1 1 Na, ) -26 


VBy, Va+a 
_ WaVva4a,VBy,/,, VaVataf\/, Va), 
YZ= - K (0 + VB, ) (1 lea) 1; 


and by forming the analogous expressions for Z+X and ZX, X+Y and XY, the 
values of X, Y, Z may be determined, But the equations in question simplify them- 
selves in a remarkable manner by the notation before alluded to. 


10—2 
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Suppose 
t= YANEC- f, g-/BVVOA-G, h=VE//AB-B, J=v2 ABC, 


these values give 


KvA a= 2 (1- 5 


VBE” aD 

ao = 2gh E-i 

ae = f? gp- hey 8, 

a = — f?— 9? —h? + 2J?, 

D «feoe ht + 2grh + ghar + Pga — SPEED 


Applying these results to the preceding formulæ and forming for that purpose 
the equations 


V2 NVa +a, J? Nar o£ 


1 — 


oa Ea NA ean OTT E ee re 
2V2Va+a, By, 4gh, VB, VAgh’ Nata, E 


ghKO + sa Kt= (J? — gh) (f? — (g — h)*) — 2gh (g —hy, 


we have 
K (¥ + 2)+2K0=4(P—gh)(1-5), 
K'YZ+E =(P- gb) (£ — (g — hy) — 2gh (g — hy} (1 - 7) 


the former of which, combined with the similar equations for Z+X and X +Y, gives 
for X, Y, Z the values to be presently stated, and these values will of course verify 
the second equation and the corresponding equations for ZX and XY. 


Recapitulating the preceding notation, if «=0, y=0, z=0 are the equations of the 
given sections, w=0 the equation of the polar plane of their point of intersection 
with respect to the surface, 


as? + by? + cz? + 2fyz + 2gze + 2hæy + pw? = 0 
the equation of the surface, A, 38, Œ, ff, Gi, 1, K as usual, and 


1 
0 = p VABE + PVA GVB +1 VE 
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then the equations of the required sections are 
(ax +hy+gz)X+yVO+4+2VBH+wV—apvl + X*=0, 
av E + (ha + by +fz)¥ +2VA+wv— bp vit ¥?=0, 
VB + yVA + (ga + fyt+cz)Z+ wv — cpVv1+ Z =0, 
where X, Y, Z are to be determined by the following equations, 
(f+20VA)+VA@(V+Z)4+fVZ -~be VIi+ ¥2V1 +R =0, 
(g + 20 v38) +V (Z + X)+g ZX —Vea V1 +Z V1 4+ X= 
(h+20VG)+VE(X+V) +hXV—Vab VIF XVI Ý = 
and the solution of which, putting ` 
f=JA WBC- f, g-JBVVEA-G, h=/E/VAB-B, J=/2VABT, 
is given by the equations 
KX = "BP ( f+g+h}-2(-f+g+h)J, 


Ky = "Bh. f_g4hy—2( f—g+h)J, 


KZ =" 8 4( f4+g—hy-2( f+g=h)J. €) 


Instead of the direct but very tedious process by which these values of X, Y, Z 
have been obtained, we may substitute the following à posteriori verification. 
We have 


K (1 +X) =4(-f+g+hyJ*(1 +5) ( - §) (1-5), 
K'V1+ Yv14+2 = 4 (f?—(g*—h)) J (1-5 Jate Bil aeo ly 
K+(1+4 YZ) =4 (1-5) (J*~ gh) (f—(@—hy) — 2gh (g — ny, 
KW +2)—20— apana (1-4) (gh) 

Putting also 
Pog- hy PEM a (P (g—ny)— 28h 8d) 
ke = (P-(g— hy) (+ by -t-87 -EE-D 


‘It is perhaps worth noticing that the value of the quantity \ previously made use of, 
f? 


A= 
KaJa 


pa gt—h?+ (J+f-@- nt 
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we have 
(m—ge— ne + 72) Ke (1 + YZ) 
f J? — gh} 
=4(1 -3) \(e-@- h)*) (J? — gh) (£? — (g — h)*) — 2gh (g — h} nagh 5 a 
4g*h? (g — hy (J?— a 
Tee aaa 
K: {K (Y +Z) — 2f? — 2g? — 2h? + 47%} 
f 4gh. 4gh? (g — h}? (J? — gh 
=4 (1-3) { #-@ by) W- gh) (+n -p E- Eee D 


Also, since 
M a (J? — gh) 
(f#-(g—hy) + (+ by-P-"F) =gh E, 


we have 


(—gt—he + Ee) E? (1 + YZ) + K? {K (Y + Z) — 2f — 2g? — 2h} 


=4 (1-3) (£ -(g-h}) aghJ* ( - =) (5), 


and the values obtained above give also 


gh) /4 — 1- VTE YEE 
24 42 (e - e- hg (1 - G) (1-5), 


which shows that the relation between Y and Z is verified by the assumed values of 
these quantities, and the. other two equations are of course also verified. The solùtion 
of the problem will be rendered more complete if the equations of the required sections 
and of the auxiliary sections made use of in the geometrical construction are expressed 
in terms of f, g, h, J. 


§ 7. 


First, to substitute in the equations of the required sections or resultors. Writing 
the first si in the form 3 


sag Oke OX + VE) y+ GX + VB) 2 +V—ap VIF X uh =0, 


2 zee 
the coefficient of æ will be 
hy f?\ (2foh 
JA (1- 7) |e +(—f+g+h} -2J (-f+g +n, 
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or, as it is convenient to write it, 


(1+ 5)f f+e+h) Ze (1 -3 rege fts +h- 


The coefficient of y is 


-m f? — 9? + h? + 


n es 


f+g +h} -2J (-f+g+h)) 


? 


— g“ — ht + Qgch? + 2h?f? + ofp? — — “| 
or, after all reductions, 


(1 -5)*(-f+e+h) (1 -8) Por ptf-gth+ 


and similarly the coefficient of z is 


2J (f?+ g? —h?*)) | 
y 2f 2 


wee tenes aer +(=f+g +h- 2J (-f+g +h)) 


-g'— ht + 2gth? + 2h + afge EPR } 


or, after all reductions, 


LAV7A ae (, 5) y pianki P Eeg Fh) 
(1 +5) £( fg +h) (1 J) etree tite h+ th 


and the coefficient of w is 


EEE T T. E E N = 


Hence, forming the equation of the resultor in question, and by means of it those 
of the other resultors, the equations of the resultors are 
/ 2fgh 
Bt Es A =y 
AFEN e oh) at hae 


f+ g*— h? 
2tg 


— 2fgh 
MoR AW 2 
eos cry ae gt+h+2J — 


Waa Wi ee nN a 

A 

| > Bll 

pi 

| 

0g 
a 
Be 


— 2fgh fg? +h? 


—_ 
| 
pE 

m a 

& 
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(a trp fternear a 
(gq ti-eth- 2 a 5) 
— f+ 9g? + h? h\ | 


— 2fgh h 
Rat a: vA ee ME NER mn 
Hae at itg- hta ) am ( ay 


+2VKy/1—- Pr eae —V—pw=0 


(ae OT PIY pit > jii) 


(f+ g—h) VA 
teptis tht et) Ba -8)y 
A a A ) ve (1-5) « 


INET a SY a 0, 


values which might be somewhat Tr w writing é, 1, %& œ instead of 


alae ate ale 1-71-13: 


and it may be also remarked, that the coefficients as well of these formulæ as of those 
which follow may be elegantly expressed in terms of the parts of a triangle having 
f, g, h for its sides. 

The equations of the separators are found by taking the differences two and two 
of the equations of the resultors (this requires to be verified à posteriori); thus sub- 
tracting the third equation from the second the result contains a constant factor, 


1 
enr EMT Tes A ia 


equivalent to 


(segn — 9 (K++ EET) at tS 


JP =-6- & ~h}}) gh T) (P=@=hy)gh 
Rejecting the factor in question and forming the analogous two equations, the equa 
tions of the separators are 


amt De+ TE E 
a-e- r fg §) 9+ ye(!-3)#=2 
E E 
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and from the mode of formation of these equations it is obvious that the separators 
have a line in common. 


The equations of the determinators being æ= 0, y=0, z=0, the equations of the 
tactors are 


VB2-VEy=0, VExrz—-VAz=0, VAy-VBx=0; 
and if az + By + yz +õw=0 be the equation of the tactor touching 
a=0, VY@e-VAz=0 and VAy—VvB2=0, 


the conditions of contact are 


A (Gee $a! a) = (Aa + ME + Gy”, 


22a (VADB - W) (Bae bat 


2 
, 


5) = (VAB -Ma VA -EVD +7 (6 VB- VO)! 


2 
> 


ly SIN SIN 


VA WAT - G) (Ae +... è) = {WAC - &) (VA -yVE)+ 6 VT - FVA! 


whence 
jqv vaD VAD- 1B) (Aa + IBL + Cy) = 

(WAB — M) VAa — (VAB — W) VIBE + (6 vD- HF VA)y, 
JaV VAT WAE G) (Aa +198 + Gn) = 

(VAC — G) VAa+ (VE -— F VA) 8- MAC - Gy, 


of + by — fey + = 0, 


and putting for a moment 
w=VAe — G — V2 VAC (VAT — &), 
v = VAs — H — /2 VAB (VAB - W); 


after some reductions, and observing that the ratios only of the quantities a, B, y, è 
are material, we obtain 


a= 7 (K + hv + gu), 


B= bw fa) 
K 
Y= Tq! Jv + cp), 
PONY an | See 
ô = Tay V —p (bo + cu? + Bun): 
C. II, ll 
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and it is easily seen also that the coordinates of the point of contact are 


also 
Ss ag we BD OE 


Hence substituting and introducing throughout the quantities f, g, h, J, also forming 
the analogous equations, the equations of the tactors are 


2f =) A 


fe Ptg +h) +@+h) J (P (g -hY - 


-[e-(g- hp- E-D (1-3)2 


+WK "i gh (1 is 8) (1 a 7) (f—(g—h)) V pw =0, 


- |g hs) + he (1-5) 
+i e-g+h)+ tN (g 3 (hey - ae) ay 


soem ag 


tE hefi- 1 ) (1-5) a E (den ey) gee ee 
pa i rT (i a 


“gre ES 1-5) 
+ {he + gt— by) + (4 g)J (bef —gp— SE) 


+WR che (1 - A (1 z 8) (h?—(f—g)) V — pw =0. 
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It is obvious, from the equations, that each separator passes through the point of 
contact of a tactor and determinator, it consequently only remains to be shown that 
each separator touches two tactors. Consider the tactor which has been represented 
by as + By + yz + ðw = 0, the unreduced values of the coefficients give 


Aa + IGL + Gy = KNA, 
Ia + BE tfa) 
Cia + FE + Cy= FG +n) 
yae.. E EL Ja Aa + 8 + Gy) = K 
Repreasnt’ for & moment the anA aios 
(1-8) fg0- Bo" N, 
by læ + my +nz+sw=0. Then putting AL + a $= []*, since 


Aal +... += pave ti RH+ ry (+ wh 


= #4#(1-5)-8(1- 3) (1-§) -¢-9(1-F) (1-9) 
-7{- a's gy +h (E+ g) -Z 
the condition of contact becomes 
D=3{-(E- g+ h (tts) - BI, 
or, forming the value of [° and substituting, 
(1-5) +e (2) +e-er(1- F)+2 (1) e-wa(1-§) (1-9) 
-2(0-%6) e-o1(2-3)(1-§) -20-40-05 
=7(-@- gy +h (f+ g) = Bey 
ee be bei without difficulty, and thus the construction for the resultors 
11—2 
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§ 8 


Several of the formule of the preceding sections of this memoir apply to any 
number of variables. Consider the surface (i.e. hypersurface) 


aa? + by? + cz? + 2fyz + 2gzu + 2hey ... + p? = 0, 
and the section (i.e. hypersection) 


(ad +hu + gv...) e+ (hà +b + fo.) y+ + futo ...)z... +v- pYt=0, 


where 
V? = ard? + bu? + cv? + 2fuv +2gvà + 2Zhryw... — K, 


. the condition of contact with any other section represented by a similar equation is 
arn + bap’ + cw + f(v + wv) +9 ON +r) +h Ap +p)... K= VV’, 


where K is the determinant formed with the coefficients a, b, c, f, g, h,-... And con- 
sequently, by establishing all or any of the equations r~=VA, p= VB, v=, 
we have the condition in order that the section in question may touch all or the 
corresponding sections of the sections æ = 0, y=0, 2=0,. 


Let n be the number of the variables 2, y, z..., then K~ =] A H G.. 
HB f 
Ga Ff EC 
also K" {(arx+hutgv...)a+(hrx+bu+fr...)y+(gratfuteov...)z...} 
=— æ ae eee ae | 
A Q G 
HD f 
v f EC 
whence also 
K" (V? + K)=— A Si v OR 9 Va NE A ge a 
ra ®H G i A BH G 
QB f QB f 
v GF © v f Ee 
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and the equation of the section in question becomes 


? 


ae tr eae ae Ca =N —| lN pvp MTE A S |- 
yA B® G i A ®H G v A B G 
KAB f RBE f vw HDB f 
f Se p e yh lg e of ECE 


In particular the equation of the sections which touches all the sections æ =0, y=0, 
2=0,..., 18- 


+KeavopJ/-| 1 vA vB VO... \t=0. 


_ WB E Gh AAG 

VA AD G Ae Ra 
v HB f v © B f 
Caf C v€ & f EC 


Again, the equations of the section touching y= 0, z=0,... and the sections touching 
s= 0; z=0,... are 


em O E eE pwa Eps =l 1 Ao VB VE... |}t=0, 
AHG a RG 
/B H L f v R B f 
VEG Ff E v€ ~ f E 

= ye Se + Kira — —pv- p ~E.. 
vA A DH G > B G 
BB f E. Q DB F 
VEG Ff @ VE G&G F EC 
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and the condition of contact of these two sections is 


121.0% VE WES Ta" Lh a VI AY le VA ae WT 
VA A BB G ra ® G vA A HG 
» H DB F 8 H BD f u QB F 
1G f € VEG Ff € Vo af E 


It would seem from the appearance of these equations that there should be some 
simpler method of obtaining the solution than the method employed in the previous 
part of this memoir. 
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